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Abstract

Discussions were held about extended exponentiated weibull, extended exponentiated exponential,
extended exponentiated lognormal, and extended exponentiated gumble distributions. Contrary to the
weibull model, the two parameter exponentiated weibull can fit unimodel, monotone, and risk functions.
Exponentiated exponential may be utilized as an alternative to weibull distribution and, in certain
situations, has a better fit than weibull due to its shape and scale parameters. Better fits may be obtained
using the unimodel distributions 3 parameter exponentiated lognormal and 2 parameter exponentiated
gumble. For lifetime data, the extended exponentiated exponential distribution gives more flexibility.
Maximum likelihood estimation is utilized for parameter estimation. Statistics for goodness of fit are
shown for a collection of data.

Keywords: exponential, weibull, lognormal, gumble, maximum likelihood estimator, exponentiated
exponential, goodness of fit

Introduction

The weibull distribution is most prevalent distribution for analyzing life time data. The study
of survival data, mostly from the fields of engineering, agriculture, veterinary medicine, and
medicine, has often utilized the weibull set of distributions. With the suggested exponentiated
weibull distribution, Mudhokar et al. (1995) @ and Mudhokar and Srivastava (1993) [ have
produced a number of failure time data sets. When applied to the weibull and exponential
families of distributions, A. Marshall and I. Olkin's innovative approach for including a
parameter to a family of distributions was first presented in 1997. A particular example of the
generic class of exponentiated distributions suggested by Gupta et al. is the exponentiated
weibull distribution (1998). Exponentiated exponential distribution may be utilized as an
alternative to the two parameter gamma and weibull distribution, according to Gupta and
Kundu's (2001) ™ presentation of the distribution and analysis of different lifetime data sets.
Exponential gumble distribution for the survival function was first developed by Nadarajah
(2005) Bl He gave an example of how it may be used to predict rainfall data from Orland,
Florida. Exponentiated lognormal distribution suited real-world data sets better than weibull
and exponentiated exponential distribution, according to analyses by Kakade and Shirke
(2006) 161, Exponentiated lognormal distribution is regarded as a good substitute. To evaluate
data that were favourably skewed, Kakade and Shirke (2007) [l explored the exponential
gumble distribution. On the extension of various exponentiated distributions with applications,
Raja and Mir (2011) ® made a contribution. Effective estimate of the cdf and pdf of the
exponentiated gumble distribution was the focus of Bagheri et al. 2016° 1% research (2014).
The exponentiated exponential distribution was extended by Abu-Youssef et al. (2015) [,
providing a more practical model for lifetime data sets. The shortened life test for the
exponentiated exponential distribution was developed by Suresh and Usha in 2016. In 2019,
Raja and Magbool expanded the use of Poisson and Poisson Type distributions. The
exponentiated gumble distribution has a superior fit and may be utilized instead of the weibull
distribution, according to Malik Mansoor and Kumar Devendra's (2020) ¥ study of the
weibull model. Exponentiated exponential distribution offers a comparably better fit in the
current investigation than three parameter weibull and exponentiated gumble.

In this study, we take into account each of these distributions individually and compare those
using actual data.
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Exponentiated Weibull Distribution

Probability density function

The “exponentiated weibull distribution's probability density
function (P.d.f.) as examined by Mudhokar et al. with the

parameters &, @, and o and life time having a function like,

f(t;a,0,0)= Of{l— exp(—(;ja}exp{— [é)a }[;j“ ,Vt>0........ @

Where o >0, 6>0 are shape parameters and ¢ >0 is a scale
parameter.

When 6=1 and when o=1 and 6=1, it follows the exponential
distribution and the weibull distribution, respectively.

The random variable T's survival function with
exponentiated-Weibull density is as follows:

]
.S‘(r;a.aa)=1)(1'>r)=1—[1—exp[—('—')” H AAAAA (1.2)
a

The model can easily fit survival data.

Maximum Likelihood Estimators
Let X, X;, X5...... X, a sample drawn at random from EW,
the log probability may be as L («, 0, )=n. log (06/c)+(0-1).

Where,
g(Ti)=g(Ti;0,0)=1-exp(-T/c)*

We may distinguish (1.1) in terms of three parameters.

a

oL_1 o —1).igﬂ(1)']€'g{}!}‘)— i(i"f:"cr) Jog(Ti/ @) +ilog{}! la)=0...(14)
[24 i=1 =1 i=1

%=gvzl()g(g(ﬂ})=[] ........................................................ )
o 7(E]+ @-1.Y g, 1)/ g@i))+ (a/0)Y (Ti/ o). (16)
oo a =1 i=1
Where,

g, (Ti) = exp(=(Ti/ &)*.(Ti/ &)*.log(Ti/ &),
ga(Ti)=—[a.exp(—(Ti/o-)“).(I'i/o-)a /o

From (1.4), (1.5) and (1.6) we achieve the ML Estimates.

Exponentiated Exponential

Probability density function

Gupta and Kunda (2001) ™ defined density function with the
parameters A and o as

f(x, a, )= al(l—e*’ix )a_l.e’;“x ...... 2.1)

Where o, A, X>0

The shape parameter in this example is a and the scale
parameter is A. When o =1, the exponential family is
represented.
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The survival function is given as

S(x,a,2)=1-{l—e*) .. (2.2)

An parallel system is represented as an exponential with
exponents.

Maximum Likelihood Estimators
Let X, X5, Xgeunns X, be a random sample from EE the log
likelihood can be as.

L(@W=nina+nini+ (1) » In(l—e™)=AY x,..... (2.3)

i=1 i=1

Therefore in order to get MLE’s of o and A we can maximize
(2.3) with respect to a and A or we solve the non-linear
normal equations as:-

i=£+ y |n(1—e***)=o ....... (2.4)
oa o I

oL n noxe N &

—_— = —1 — ;= 0 ....... .
YRR (a );l_e%xi Zl X, (2.5)

We obtain the MLE of a as a function of A, say a (4"), from
(2.4) as
N n
a(d), =" (2.6)
> In(l-e™)
i1

The” MLE of the shape parameter may be & " derived simply
from the scale parameter if it is known (2.6). If both
parameters are unknown, it is possible to immediately

maximise L(a (/IA), A) with respect to A get the scale

parameter’s estimate first. When A is achieved o , itis also
possible to do such as from (2.6) as o (ﬂA),

Exponentiated Lognormal Distribution A
Probability density function

With regard to three parameters (e, 1, O-), the exponential
lognormal distribution's density function is defined “as

Fx; (@, 4,0)) =a(p(In(x); 1, 0) ) p(In(x); g0 )x 7 ... 3.1)

X, >0, -—00 < 1 <00

Where, @(In(X); 1, 0) and @(In(x); O are the C.d. f and

P.d.f of the normal distribution with mean and standard
deviation as p and o.

The following is the survival function that corresponds to the
exponentiated lognormal distribution density:

S(x, po. @) =1- (@(IN(X); 1, 0) )
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Where x >0

Maximum Likelihood Estimators
Let X, X;, Xg...... X, a random sample drawn from the EL
distribution the following is the log likelihood function:

L(a, p.o/x)=nlna - Zln(.\'i) +(x - I)szgp(]n(x.‘):,u.cr) + me(ln(.ri);y‘o') ~(3.2)
i=l i=]

i=l

We solve the following equations to get the values of the
parameters «, i, that maximize L (&, i, o IX):

‘*,L n
é—:’—]+Zln(p(1n(.\'i):,u.0')=0 ....... (3.3)
da a ‘I
0 n In(xi); u, o n In(xi); o
oL 1S B )+Z(”" UnxXi) 1.9) ... 34
ou = e(Un(xi),u,0) = ¢(In(xi); p,0)
fL . l)i o, (In(xi); p,0) 3 @, (In(xi); pu,0) = 3.5)
(e

0 = oeUn(xi);u,o) ‘T ¢(Un(xi); u,0)
From (3.3), (3.4) and (3.5) MLE of o, p and ¢ is obtained

respectively.

Exponential Gumble Distribution

Probability density function

The Probability density function (P.d.f) of exponential
gumble distribution

Introduced by Nadarajah (2005) ! with parameters a and o is

X

f(Xa,0)= % exp(— e )]a (I (4.2)

Where o, 6>0 and - 00 < X < o0

Where the scale parameter is o and the shape parameter is a.
When o=1 in this case, the distribution eases to the standard
gumble.

The provided survival function is

sxa,o)=1-2 (exp(—ef))g ......... (4.2)
O

The o th power of the gumble distribution's survival function
is the survival function of the exponentiated gumble
distribution.

Maximum Likelihood Estimators
Let X, X5, X5....e. X, be a random sample from EG
distribution the log likelihood function is

—xi

1 & %
L (0, 6) =n Ino- nlno- —le. — aZe T s “4.3)
O o1

Thus to achieve the MLE’s of o and ¢ we can maximize (3.3)
with respect to a and o or and solve the non-linear normal
equations as:-

https://www.thepharmajournal.com

oL n & %

— == Neo=0..... (4.4)
Ja a ‘I

6L n 1 & a <& —

— =t — DN, - =D xe” =0.... 4.5)
oo c o’ JZ:‘ : ; (

From (4.4) and (4.5) MLE of a, and o is attained.

5. Extended Exponentiated Exponential Distribution:-
Let X be a random variable with survival function F (x), the
survival function is as:

G (X)=AF (x) /(1 =\ F (x)), —0<x<o0, >0, A = 1- (5.1)

Abu-Youssef et al. (2015) [ introduced a new variant of the
Marshall-Olkin extended family of distributions by selecting
in (5.1) the exponentiated exponential distribution with
survival function which yields

GX=A-Ad-eBx)ar+X (I-e—Px)a,x>0,a>0,
A>0,B>0....... (5.2)

Maximum likelihood estimators

Let X1, X2, Xn is a random sample of size n from the
Marshall OLKIN Extended Exponentiated Exponential
distribution then the likelihood function is:-

afA(1 — e —Bxi).a—1.e —Bxi
A -e-Bxi)a+2)2

Ln (o, B, V=[x, g(xi, a, B, 2) =11 ....(6.3)

and the log- likelihood function will be

Lo=Y",(a — 1)(log(1— e —Bxi))—Pxi—2log (A (1 —e—Pxi)a+1)
+nlog (afd) ...... 5.4

The Maximum Likelihood Estimation (MLE) of a, B and A are
obtained from

O0L/0a.= 0,

oL/op =0, and

OL/oA=0.

Goodness of Fit

Eight models gumble, weibull, exponentiated weibull,
lognormal,  exponentiated  lognormal,  exponentiated
exponential,  exponentiated gumble and  extended
exponentiated exponential were applied to real time data sets.
Following are the distributions and the pdf:

Distribution P.d.f
Weibull f(x, o, ) = ok (XA)* L. e g%, x>0

[_ 1 (Iu(.\*)f U ]]
xpl 2 o

(=)
fix, p,0) = ——
x.oA2%

Lognormal o< u<w,o>0

1 = -
Gumble flx,0) =—exp? .exp(—e e ] ;0=0
o
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f(.f:(z.(?,rr)za—a|:] —exp(—{ LJG}EXP[—(LJU}[LY REN
o \a a a )

, ) w el a
Exponentiated exponential f(.\r,a’./.)= rz’/.(] —e ™ } e,

Exponentiated weibull

a, A, x>0

Exponentiated lognormal  fix, (&, pt,5)) = a[ga([n(.\-);;.', G‘))‘r ‘¢(1ﬂ(,\');;1,0’)\"' s
X, a>0,-—w0< [ <®

Exponentiated gumble

f(X;a,0) = % exp(— e )]g.e’i, 0, 6 >0
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Extended Exponentiated exponential f(x) = apM(1 — e —Bx)
a-lePBx (A (1 —e—-Px)a+i)2,x>0.

Data Set 1

The data” pertains to survival times (in days) of 36 bacilli
infected lambs.

0.59, 0.51, 0.63, 0.77, 0.91, 0.93, 0.96, 1, 1, 1.02, 1.05,
1.07,.08,.08, 1.08,1.09, 1.09, 1.12, 1.13, 1.61, 1.72, 1.66, 1.83,
1.95, 1.93, 1.90, 2.02, 2.13, 2.23, 2.16,2.18, 2.30, 2.31, 2.40,
2.45,2.53

Table 1: Distribution along with MLE’s, Log-likelihood and Anderson’s value.

Distribution MLE’S Log likelihood | Anderson’s Value
Weibull 020,674, 1°=0.018 -142.75 0.069
Lognormal W=2.352, »=1292 -143.37 0.065
Gumble 0"=22.94, 1°=45.84 -141.34 0.062
Exponentiated weibull o'=2.456,0"=0.237 6"=23.87 -139.11 0.057
Exponentiated exponential o' =0.762, °=0.017 -147.63 0.079
Exponentiated lognormal a'=0.115 u*=3.56 6°=0.453 -143.82 0.055
Exponentiated gumble =157, 1°=42.56 -142.72 0.054
Extended exponentiated exponential 0 =0.765, p= 138, 1°=0.0145 -129.65 0.051

The following tables gives a comparison between the MLE’s
Log-likelihood, and” Anderson’s statistics.

Conclusion

We compared the exponentiated weibull, exponentiated
lognormal, extended exponentiated exponential,
exponentiated exponential, and exponentiated gumble
probability density functions and their applications to a set of
data. Contrary to the weibull model, the 2 parameter
exponentiated weibull can fit unimodel, monotone, and risk
functions. Exponentiated exponential may be used as a
replacement for weibull distribution and, in many situations,
has a better fit than weibull due to its similar shape and scale
parameters. The unimodel distributions 2 parameter
exponentiated gumble and 3 parameter exponentiated
lognormal may provide superior fits. The extended
exponentiated exponential distribution with three parameters
provides a more adaptable model for real-time data sets.
Exponentiated exponential provides a superior match for the
data set, followed by weibull. Therefore, in certain
circumstances, they may be substituted as alternatives to one
another. One can try other suitable distributions depending
upon the flexibility.
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